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A t-MOTIVIC INTERPRETATION OF SHUFFLE RELATIONS FOR
MULTIZETA VALUES
WEI-CHENG HUANG
Abstract. Thakur [Tha10] showed that, for r, s ∈ N, a product of two Carlitz zeta values
ζA(r) and ζA(s) can be expressed as an Fp-linear combination of ζA(r+ s) and double zeta
values of weight r + s. Such an expression is called shuffle relation by Thakur. Fixing r,
s ∈ N, we construct a t-module E′. To determine whether an (r + s)-tuple C in Fq(θ)
r+s
gives a shuffle relation, we relate it to the Fq[t]-torsion property of the point vC ∈ E
′(Fq[θ])
constructed with respect to the given (r+ s)-tuple C. We also provide an effective criterion
for deciding the Fq[t]-torsion property of the point vC.
1. Introduction
Let A := Fq[θ] be the polynomial ring in the variable θ over the finite field of q elements
Fq where q is a power of a prime p. We denote by A+ the set of monic polynomials in A
and let k := Fq(θ) be the field of fractions of A. For (s1, . . . , sr) ∈ N
r, Thakur [Tha04]
introduced the multizeta value ζA(s1, . . . , sr) defined by
ζA(s1, . . . , sr) :=
∑
(a1,...,ar)∈Ar+
deg a1>···>deg ar
1
as11 · · · a
sr
r
∈ Fq((1/θ)).
Here
∑r
i=1 si is called the weight and r is called the depth of the presentation ζA(s1, . . . , sr).
In particular, depth one multizeta values are called Carlitz zeta values initiated by Carlitz
[Car35] and depth two multizeta values are called double zeta values. In [Tha09], Thakur
showed that each multizeta value is non-vanishing.
We fix positive integers r, s ∈ N and let n := r+s. By [Tha10], we know that the product
of two zeta values ζA(r) and ζA(s) can be expressed as an Fp-linear combination of ζA(n)
and double zeta values of weight n. Such an expression is called shuffle relation by Thakur.
Chen [Che15] derived an explicit formula of a shuffle relation, which is given by
ζA(r)ζA(s)−ζA(r, s)− ζA(s, r) =
ζA(n) +
∑
i+j=n
(q−1)|j
[
(−1)s−1
(
j − 1
s− 1
)
+ (−1)r−1
(
j − 1
r − 1
)]
ζA(i, j).(1.1)
We want to study shuffle relations with coefficients in k. By a shuffle relation for multizeta
values over k, we mean that the following identity holds:
(1.2) ζA(r)ζA(s)− ζA(r, s)− ζA(s, r) = b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i)
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for some ai, b0 ∈ k. We are interested in n-tuples of coefficients C = (b0, a1, . . . , an−1) ∈ k
n
satisfying the equation (1.2).
In this paper we provide a t-motivic interpretation of shuffle relations for multizeta values
over k. Let r, s, n be given as above. We construct Frobenius modules (see §2.2) M ′ and
MC associated with the given n-tuple of coefficients C = (b0, a1, . . . , an−1) ∈ k
n, which fits
into the short exact sequence of Frobenius modules
0→M ′ →MC → 1→ 0
so MC represents a class in Ext
1
F
(1,M ′). For more details, we refer readers to §2.3 and §2.4.
To determine whether the given n-tuple of coefficients C = (b0, a1, . . . , an−1) ∈ k
n satisfy
a shuffle relation over k as in the equation (1.2), we relate it to whether MC is an Fq[t]-
torsion class in Ext1F (1,M
′). More precisely, if the n-tuple of coefficients C ∈ kn satisfy the
equation (1.2), then we show that the Frobenius module MC represents an Fq[t]-torsion class
in Ext1F (1,M
′). Conversely, if the Frobenius module MC represents an Fq[t]-torsion class in
Ext1
F
(1,M ′), then the n-tuple of coefficients C ∈ kn satisfy the equation (1.2) in the case
(q − 1) ∤ n. In the case (q − 1) | n, the n-tuple of coefficients C ∈ kn satisfy the equation
(1.2) modulo π˜n. We state the above results in the Theorem 2.6.
Following the strategy in [CPY19], we give an effective criterion for the Fq[t]-torsion
property of MC. With the t-motivic interpretation of shuffle relations for multizeta values
over k given in the Theorem 2.6, we can effectively determine whether the given n-tuple of
coefficients C = (b0, a1, . . . , an−1) ∈ k
n satisfy a shuffle relation over k (resp. shuffle relation
over k modulo π˜n) in the case (q−1) ∤ n (resp. (q−1) | n). We also provide some examples
in §6.
After we worked out this project, we found that there is another approach to determine
a given n-tuple C = (b0, a1, . . . , an−1) ∈ k
n satisfying a shuffle relation over k by using the
results provided by Chang [Cha16]. We fix r, s ∈ N and put n := r + s. By combining a
shuffle relation over k and the relation (1.1), we have a relation of the form
(1.3) b˜0ζA(n) +
n−1∑
i=1
a˜iζA(i, n− i) = 0
where a˜i, b˜0 ∈ k. So we have a one-to-one correspondence between shuffle relations over
k and relations over k of the form (1.3). By [Cha16, Thm. 5.1.1, Thm. 6.1.1], we have
an effective process to check whether a given sequence a˜i, b˜0 ∈ k satisfies (1.3) in the case
(q− 1) ∤ n. In the case (q− 1) | n, this effective process can check whether a given sequence
a˜i, b˜0 ∈ k satisfies (1.3) modulo π˜
n. Hence we achieve the same result from this approach.
For more details, we refer readers to §7.
Comparing with the results provided in this paper, let us consider the analogue question
in the classical case. For fixed positive integer d and d-tuple of positive integer variable
(s1, . . . , sd) with s1 > 1, the classical multiple zeta value is defined by
ζ(s1, . . . , sd) :=
∑
k1>···>kd>0
k−s11 · · · k
−sd
d (see [Zha16]).
We fix positive integers r, s > 1 and let n := r + s. There are two well-known formulas.
One is shuffle product, also known as Euler’s decomposition formula:
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ζ(r)ζ(s) =
∑
i≥2,j≥1
i+j=r+s
[(
i− 1
r − 1
)
+
(
j − 1
s− 1
)]
ζ(i, j),
and the other is stuffle product:
ζ(r)ζ(s) =
(∑
n1=n2
+
∑
n1>n2
+
∑
n1<n2
)
1
nr1n
s
2
= ζ(r + s) + ζ(r, s) + ζ(s, r).
Note that we used to think the field of rational functions k as an analogue of the field of
relational numbers Q. Studying n-tuples of coefficients C = (b0, a1, . . . , an−1) ∈ Q
n satisfying
the following equation:
(1.4) ζ(r)ζ(s)− ζ(r, s)− ζ(s, r) = b0ζ(n) +
n−1∑
i=2
aiζ(i, n− i)
appeals to us, and we wonder if there is any criterion for a given n-tuple of rational numbers
satisfying the equation (1.4). But in this case it is still an unknown problem.
The paper is organized as follows. In §2, we set up some essential preliminaries first,
and then we state our main theorem, Theorem 2.6, which gives a t-motivic interpretation
of shuffle relations. We prove our main theorem in §3 and provide a necessary condition
for a shuffle relation in §4. We state an effective criterion whether MC is Fq[t]-torsion in
Ext1
F
(1,M ′) and write down an algorithm in §5, §6, respectively. We also provide some
examples in §6. In §7, we give another approach to our result. The crucial property which
makes our criterion effective is the identification of Ext1
F
(1,M ′) as a t-module defined over
A in which MC corresponds to an integral point. However, its proof is essentially the same
as [CPY19] and so we leave the detailed proof in the appendix.
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Yu for inspiring me to work on this project and enlightening me with constructive opinion.
I am grateful to Prof. W. D. Brownawell for carefully reading my preprint and providing
me many useful comments on writing. I thank Prof. M. Kaneko for the information about
the classical issues of this project. I further thank Prof. M. A. Papanikolas for useful
suggestions on Maple programming. I also thank Dr. H.-J. Chen, Dr. Y.-L. Kuan, Prof.
D. Thakur and Prof. T.-Y. Wang for their valuable comments. Finally, I thank the referee
for several useful suggestions.
2. Preliminaries and The Main Theorems
2.1. Some notations and definitions. Let Fq be the finite field with q elements, where
q is a power of a prime p. Let θ be a variable and A := Fq[θ], the polynomial ring in θ
over Fq. We denote by A+ the set of monic polynomials in A. Let k := Fq(θ), the field of
fractions of A, and define the absolute value | · |∞ associated to the infinite place of k so
that |θ|∞ = q. Let k∞ be the completion of k with respect to | · |∞. Note that k∞ is equal
to Fq((1/θ)), the field of Laurent series in 1/θ over Fq. Let k∞ be a fixed algebraic closure
of k∞. We denote by k the algebraic closure of k in k∞, and let C∞ be the completion of
k∞ with respect to the canonical extension of | · |∞.
We recall the characteristic p multizeta values defined by Thakur.
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Definition 2.1 ([Tha04]). For any r-tuple of positive integers (s1, . . . , sr) ∈ N
r, we define
ζA(s1, . . . , sr) :=
∑
(a1,...,ar)∈Ar+
deg a1>···>deg ar
1
as11 · · · a
sr
r
∈ k∞.
Remark 2.2. In [Tha09], Thakur showed that each multizeta value is non-vanishing.
2.2. Anderson-Thakur polynomials. Define D0 := 1 and Di :=
∏i−1
j=0(θ
qi − θq
j
) for
i ∈ N. For a non-negative integer n, we express n as
n =
∞∑
i=0
niq
i (0 ≤ ni ≤ q − 1, ni = 0 for i≫ 0),
and we recall the Carlitz factorial
Γn+1 :=
∞∏
i=0
Dnii ∈ A (see [Tha04]).
We put G0(y) := 1 and define polynomials Gn(y) ∈ Fq[t, y] for n ∈ N by the product
Gn(y) :=
n∏
i=1
(tq
n
− yq
i
)
where t is a new variable independent from y. For n = 0, 1, 2, . . . , we define the sequence of
Anderson-Thakur polynomials Hn ∈ A[t] by the generating function identity(
1−
∞∑
i=0
Gi(θ)
Di|θ=t
xq
i
)−1
=
∞∑
n=0
Hn
Γn+1|θ=t
xn (see [AT90, AT09]).
2.3. Frobenius twisting and Frobenius modules. We consider the Frobenius twisting
which is an automorphism on C∞((t)) defined by
C∞((t))→ C∞((t)) : f :=
∑
i
ait
i 7→ f (−1) :=
∑
i
a
1
q
i t
i.
Note that the twisting is extended to Matn(C∞((t))) by acting entry-wisely.
We define k¯[t, σ] to be the non-commutative k¯[t]-algebra generated by σ with respect to
the relation
σf = f (−1)σ, ∀f ∈ k¯[t].
A left k¯[t, σ]-module M is called a Frobenius module if it is free of finite rank over k¯[t].
Morphisms of Frobenius modules are left k¯[t, σ]-module homomorphisms. We let F be the
category of Frobenius modules.
We denote by 1 the trivial object in F . Its underlying space is k¯[t] subject to the σ-action
σ(f) := f (−1), ∀f ∈ 1.
Let Φ ∈ Matr(k¯[t]) be given. We say that a Frobenius module M is defined by the
matrix Φ ∈ Matr(k¯[t]) if the Frobenius module M is of rank r over k¯[t] with k¯[t]-basis
{f1, . . . , fr} ⊂M satisfying
σ
f1...
fr
 :=
σ(f1)...
σ(fr)
 = Φ
f1...
fr
 .
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2.4. Ext1-modules. Let M , M ′ be two objects in F defined by two matrices Φ, Φ′ respec-
tively for which Φ =
(
Φ′ 0
v 1
)
∈ Matr(k¯[t]) (r ≥ 2) for some row vector v. Since M fits into
the short exact sequence of Frobenius modules
0→M ′ →M → 1→ 0,
M represents a class in Ext1F (1,M
′).
The set Ext1
F
(1,M ′) forms a group under the Baer sum. Furthermore, it has an Fq[t]-
module structure given by the following. Given M1, M2 representing classes in Ext
1
F
(1,M ′)
defined by two matrices Φ1, Φ2 ∈ Matr(k¯[t]) respectively, we write
Φ1 =
(
Φ′ 0
v1 1
)
, Φ2 =
(
Φ′ 0
v2 1
)
.
Then the Baer sum of the two classes of M1, M2 is the class of the object M1 +
B
M2 ∈ F
defined by the matrix (
Φ′ 0
v1 + v2 1
)
∈ Matr(k¯[t]).
Given any a ∈ Fq[t], the action of a ∈ Fq[t] on the class of M1 is the class of the object
a ∗M1 ∈ F defined by the matrix(
Φ′ 0
av1 1
)
∈ Matr(k¯[t]).
2.5. The Main Theorem.
Definition 2.3. We fix positive integers r, s ∈ N and let n := r + s be given. An n-tuple
C = (b0, a1, . . . , an−1) ∈ k
n is said to have the SR-property if the following equation holds:
(SR) ζA(r)ζA(s)− ζA(r, s)− ζA(s, r) = b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i).
Remark 2.4. The equations of the above form, called shuffle relations by Thakur, were first
studied by Thakur in [Tha10], and he proved the existence of n-tuples in Fnp ⊂ k
n having the
SR-property in the same paper. Chen [Che15] gave an explicit n-tuple in Fnp ⊂ k
n having
the SR-property.
Definition 2.5. Given C = (b0, a1, . . . , an−1) ∈ k
n and letting ΓC ∈ A be the monic least
common multiple of the denominators of { ai
ΓiΓn−i
: i = 1, . . . , n− 1} ∪ { b0
Γn
, 1
ΓrΓs
}, we put
αi :=
aiΓC
ΓiΓn−i
|θ=t ∈ Fq[t], β0 :=
b0ΓC
Γn
|θ=t ∈ Fq[t], γ0 :=
ΓC
ΓrΓs
|θ=t ∈ Fq[t]
for each i. Then we define the associated Frobenius module MC of C which is defined by the
matrix ΦC ∈ Matn+1(k[t]):
ΦC =

(t− θ)n
H
(−1)
1−1 (t− θ)
n (t− θ)n−1
...
. . .
H
(−1)
(n−1)−1(t− θ)
n (t− θ)
ΦC(n+1),1 α1H
(−1)
(n−1)−1(t− θ)
n−1 · · · αn−1H
(−1)
1−1 (t− θ)
1 1
 ,
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where
ΦC(n+1),1 := β0H
(−1)
n−1 (t− θ)
n − γ0H
(−1)
r−1 H
(−1)
s−1 (t− θ)
n.
Let Φ′ ∈ Matn(k[t]) be the square matrix of size n in the upper left-hand corner of ΦC,
i.e.
(2.1) Φ′ =

(t− θ)n
H
(−1)
1−1 (t− θ)
n (t− θ)n−1
...
. . .
H
(−1)
(n−1)−1(t− θ)
n (t− θ)
 ,
and let M ′ be the Frobenius module defined by Φ′. Note that the Frobenius module MC
represents a class in Ext1
F
(1,M ′).
If the n-tuple C has the SR-property, we show that the corresponding Frobenius module
MC represents an Fq[t]-torsion class in Ext
1
F
(1,M ′). Conversely, if MC represents an Fq[t]-
torsion class in Ext1
F
(1,M ′), it is natural to ask if the n-tuple C has the SR-property.
Our main result is stated as follows.
Theorem 2.6. Let C = (b0, a1, . . . , an−1) ∈ k
n be given.
(1) If the n-tuple C has the SR-property, then the Frobenius module MC represents an Fq[t]-
torsion class in Ext1F (1,M
′).
(2) Suppose that the Frobenius module MC represents an Fq[t]-torsion class in Ext
1
F (1,M
′).
(a) If (q − 1) ∤ n, then the n-tuple C has the SR-property.
(b) If (q−1) | n, then there exists unique b˜0 ∈ k such that the n-tuple C˜ = (˜b0, a1, . . . , an−1)
has the SR-property.
3. Proof of the Theorem 2.6
3.1. Some important properties.
Definition 3.1 ([ABP04]). A formal power series
∑∞
n=0 ant
n ∈ k¯[[t]] is called entire if
lim
n→∞
n
√
|an|∞ = 0, and [k∞(a0, a1, . . . ) : k∞] <∞.
The set of all entire functions is denoted by E .
We fix a fundamental period π˜ of the Carlitz module C (see [Gos96, Tha04]), and define
Ω(t) := (−θ)
−q
q−1
∞∏
i=1
(
1−
t
θqi
)
∈ C∞[[t]],
where (−θ)
−1
q−1 is a choice of (q − 1)th root of −θ so that 1
Ω(θ)
= π˜. Note that the power
series is entire and we have the functional equation Ω(−1)(t) = (t− θ)Ω(t) (see [ABP04]).
The following are important properties developed by Anderson and Thakur (see [AT90,
AT09]):
(3.1) (ΩsHs−1)
(d)(θ) =
ΓsSd(s)
π˜s
, ∀s ∈ N, d ∈ Z≥0,
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where Sd(s) is the power sum
Sd(s) :=
∑
a∈A+
degθ a=d
1
as
∈ k.
Furthermore, if we view Hn as a polynomial in Fq[t][θ], then we also have
(3.2) degθHn ≤
nq
q − 1
.
Given an r-tuple of positive integers s = (s1, . . . , sr) and let Q be the r-tuple of Anderson-
Thakur polynomials Q := (Hs1−1, . . . , Hsr−1), we define the series
Ls,Q :=
∑
i1>···>ir≥0
(ΩsrHsr−1)
(ir) · · · (Ωs1Hs1−1)
(i1) ∈ C∞[[t]] (cf. [AT09]).
Since Ω satisfies the functional equation Ω(1)(t) = Ω(t)
(t−θ)
, we have
Ls,Q = Ω
s1+···+sr
∑
i1>···>ir≥0
H
(ir)
sr−1(t) · · ·H
(i1)
s1−1(t)
[(t− θq) · · · (t− θqir )]sr · · · [(t− θq) · · · (t− θq
i1 )]s1
.
By (3.2), the series Ls,Q is in the Tate algebra T, where
T := {f ∈ C∞[[t]] : f converges on |t|∞ ≤ 1}.
For 1 ≤ ℓ < j ≤ r + 1, we define the series
Lj,ℓ :=
∑
iℓ>···>ij−1≥0
(Ωsj−1Hsj−1−1)
(ij−1) · · · (ΩsℓHsℓ−1)
(iℓ) ∈ C∞[[t]].
Note that we have Ls,Q = Lr+1,1, and (3.1) gives
Lr+1,1(θ) = π˜
−(s1+···+sr)Γs1 · · ·ΓsrζA(s1, . . . , sr).
Remark 3.2. We also have the following properties:
(1) Chang [Cha14, Lem. 5.3.1] showed that Lj,ℓ is actually an entire function for all ℓ, j
with 1 ≤ ℓ < j ≤ r + 1.
(2) By [CPY19, Prop. 2.3.3], we have for 1 ≤ ℓ < j ≤ r + 1,
Lj,ℓ(θ
qN ) = Lj,ℓ(θ)
qN for all N ∈ N.
(3) The equation (3.1) and Remark 2.2 give that Lj,ℓ is non-vanishing at θ
qN for all ℓ, j
with 1 ≤ ℓ < j ≤ r + 1, N ∈ Z≥0.
3.2. A key lemma.
Lemma 3.3. Let {si}
I
i=1 ⊆ Z≥0 be a strictly increasing finite sequence, and let {Li}
I
i=1 ⊆ T
satisfying
Li(θ
qN ) 6= 0
for all N ∈ N ∪ {0}, i ∈ {1, . . . , I} be given. For any {Bi}
I
i=1 ⊆ k¯(t) satisfying
(3.3)
I∑
i=1
BiΩ
siLi = 0,
we have Bi = 0 for all i ∈ {1, . . . , I}.
8 WEI-CHENG HUANG
Proof. (cf. the proof of [CPY19, Thm. 2.5.2], [Cha16, Thm. 3.1.1]) First, we divide the
equation (3.3) by Ωs1 . Then it becomes
(3.4) B1L1 +
I∑
i=2
BiΩ
s˜iLi = 0
where s˜i = si− s1. Note that each Bi is defined at θ
qN for sufficiently large N ∈ N since Bi
belongs to k¯(t). Also note that Ω has a simple zero at θq
N
for each N ∈ N, and hence (3.4)
gives rise to
B1(θ
qN )L1(θ
qN ) = 0
for sufficiently large N ∈ N. By the assumption L1(θ
qN ) 6= 0 for all N ∈ N, which implies
that
B1(θ
qN ) = 0
for all large N ∈ N, whence B1 = 0.
The equation (3.3) becomes
I∑
i=2
BiΩ
s˜iLi = 0.
Since {s˜i}
I
i=2 is also a strictly increasing finite sequence, we repeat the same process above
and then conclude that Bi = 0 for all i ∈ {1, . . . , I}. 
3.3. Proof of the Theorem 2.6(1). (cf. the proof of [CPY19, Thm. 2.5.2], [Cha16, Thm.
3.1.1])
For i = 1, . . . , n− 1, we define two series as follows:
L
[i,n−i] :=
∑
ℓ1>ℓ2≥0
(
Ωn−iH(n−i)−1
)(ℓ2) (
ΩiHi−1
)(ℓ1)
,
L
[i] :=
∑
ℓ≥0
(
ΩiHi−1
)(ℓ)
.
Let ψC ∈ Mat(n+1)×1(E ) be defined by
ψC =

Ωn
Ωn−1L [1]
...
ΩL [n−1]
β0L
[n] +
∑n−1
i=1 αiL
[i,n−i] − γ0(L
[r]L [s] −L [r,s] −L [s,r])
 .
Then we have ψ
(−1)
C
= ΦCψC and
ψC(θ) = π˜
−n

1
Γ1ζA(1)
...
Γn−1ζA(n− 1)
ΓC[b0ζA(n) +
∑n−1
i=1 aiζA(i, n− i)− (ζA(r)ζA(s)− ζA(r, s)− ζA(s, r))]

is in Mat(n+1)×1(k∞).
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Let v = (0, . . . , 0, 1) ∈ Mat1×(n+1)(k). Then the the SR-property gives vψC(θ) = 0. Note
that the above satisfies the assumption of [ABP04, Thm. 3.1.1]. By [ABP04, Thm. 3.1.1],
there exists
f = (f1, . . . , fn+1) ∈ Mat1×(n+1)(k¯[t])
such that fψC = 0 and f(θ) = v. Now we put f˜ =
1
fn+1
f ∈ Mat1×(n+1)(k¯(t)) and note that f˜
is regular at t = θ. We claim that
(3.5) f˜ − f˜ (−1)ΦC = (0, . . . , 0).
Let us assume this claim first. Then we have the following equation
(3.6)

1
. . .
1
f1
fn+1
· · · fn
fn+1
1

(−1)
ΦC =
(
Φ′
1
)
1
. . .
1
f1
fn+1
· · · fn
fn+1
1
 .
The equation (3.6) gives a left k¯(t)[σ]-module homomorphism between k¯(t) ⊗
k¯[t]
(M ′⊕1) and
k¯(t) ⊗
k¯[t]
MC. By [CPY19, Prop. 2.2.1], the common denominator of
f1
fn+1
, . . . , fn
fn+1
, say c, is
in Fq[t]. Write ΦC =
(
Φ′
µ 1
)
for some µ ∈ Mat1×(n+1)(k¯[t]), and put c ∗ ΦC :=
(
Φ′
cµ 1
)
,
which defines the Frobenius module c ∗MC representing a class in Ext
1
F (1,M
′). The class
c ∗MC represents the trivial class in Ext
1
F
(1,M ′) since we have the equation
(3.7)

1
. . .
1
δ1 · · · δn+1 1

(−1)
c ∗ ΦC =
(
Φ′
1
)
1
. . .
1
δ1 · · · δn+1 1
 ,
where δi = c
fi
fn+1
∈ k¯[t] for i = 1, . . . , n + 1, i.e., the class of MC is c-torsion in the Fq[t]-
module Ext1F (1,M
′).
To complete the proof, we need to verify the equation (3.5). Applying the Frobenius
twisting (·)(−1) on the equation f˜ψC = 0 and subtracting it from the equation f˜ψC = 0, we
have (
f˜ − f˜ (−1)ΦC
)
ψC = 0.
Let (B1, . . . , Bn+1) := f˜ − f˜
(−1)Φ. Note that Bn+1 = 0 and the above equation becomes
(3.8)
n∑
i=1
BiΩ
n−i+1
L
[i−1] = 0,
where we define L [0] = 1 for convenience. By Remark 3.2(3), the equation (3.8) satisfies
the hypothesis of Lemma 3.3. It follows by Lemma 3.3 that Bi = 0 for all i = 1, . . . , n+ 1,
and so we complete the proof.
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3.4. Proof of the Theorem 2.6(2). (cf. the proof of [CPY19, Thm. 2.5.2])
Suppose the Frobenius module MC represents an Fq[t]-torsion class in Ext
1
F (1,M
′), i.e.,
there exists c ∈ Fq[t] \ {0} such that c ∗MC represents a trivial class in Ext
1
F (1,M
′).
Note that c ∗MC is defined by the matrix X given as follows:
X =

(t− θ)n
H
(−1)
1−1 (t− θ)
n (t− θ)n−1
...
. . .
H
(−1)
(n−1)−1(t− θ)
n (t− θ)
X(n+1),1 cα1H
(−1)
(n−1)−1(t− θ)
n−1 · · · cαn−1H
(−1)
1−1 (t− θ)
1 1

where
X(n+1),1 = c
[
β0H
(−1)
n−1 (t− θ)
n − γ0H
(−1)
r−1 H
(−1)
s−1 (t− θ)
n
]
,
and there exists δ1, . . . , δn ∈ k¯[t] such that
1
. . .
1
δ1 . . . δn 1

(−1)
X =
(
Φ′
1
)
1
. . .
1
δ1 . . . δn 1
 .
Consider
Y =

Ωn
Ωn−1L [1] Ωn−1
Ωn−2L [2] Ωn−2 Ωn−2
...
...
...
. . .
Ω1L [n−1] Ω1 Ω1 . . . Ω1
Yn+1,1 c
∑n−1
i=1 αiL
[n−i] c
∑n−1
i=2 αiL
[n−i] . . . cαn−1L
[1] 1

where
Yn+1,1 = c
[
β0L
[n] +
n−1∑
i=1
αiL
[i,n−i] − γ0(L
[r]
L
[s] −L [r] −L [s])
]
,
then we have the relation Y (−1) = XY . Putting D = (δ1, . . . δn) and Y
′ =
(
In
D 1
)
Y , we
have Y ′(−1) =
(
Φ′
1
)
Y ′. Let Ψ′ be the square matrix of size n cut from the upper left
square of Y ′. Since we also have
(
Ψ′
1
)(−1)
=
(
Φ′
1
)(
Ψ′
1
)
, by [Pap08, §4.1.6], there
exists ν = (ν1, . . . , νn) ∈ Fq(t)
n such that
Y ′ =
(
Ψ′
1
)(
In
ν 1
)
,
i.e., (
In
D 1
)
Y =
(
Ψ′
1
)(
In
ν 1
)
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Therefore, we have
ν1 =
n∑
i=1
δiΩ
n−i+1
L
[i] + c
[
β0L
[n] +
n−1∑
i=1
αiL
[i,n−i] − γ0(L
[r]
L
[s] −L [r] −L [s])
]
;
ν2 =
n∑
i=2
δiΩ
n−i+1 + c
n−1∑
i=1
αiL
[n−i];
...
νn =
n∑
i=n
δiΩ
n−i+1 + c
n−1∑
i=n−1
αiL
[n−i](= δnΩ+ cαn−1L
[1]);
νn+1 = δn+1.
We find that each νi is in Fq[t] since the right hand side of each equality above is in T. Now
we evaluate t = θq in each equation above. Note that we work in fields with characteristic
p and Ω has a simple zero at θq . So by Remark 3.2(2), we get
ν1(θ)
q = (c(θ)ΓC)
qπ˜−nq
[
b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i)− (ζA(r)ζA(s)− ζA(r, s)− ζA(s, r))
]q
;
ν2(θ)
q =
[
c(θ)
n−1∑
i=1
aiπ˜
−(n−i)ζA(n− i)
]q
;
...
νn(θ)
q =
[
c(θ)
n−1∑
i=n−1
aiπ˜
−(n−i)ζA(n− i)
]q
(=
[
c(θ)an−1π˜
−1ζA(1)
]q
).
(3.9)
Taking the qth root of the both sides for each equation, we have
(3.10)
ν1(θ) = c(θ)ΓCπ˜
−n
[
b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i)− (ζA(r)ζA(s)− ζA(r, s)− ζA(s, r))
]
,
and
ν2(θ) = c(θ)
n−1∑
i=1
aiπ˜
−(n−i)ζA(n− i);
...
νn(θ) = c(θ)
n−1∑
i=n−1
aiπ˜
−(n−i)ζA(n− i)(= c(θ)an−1π˜
−1ζA(1));
νn+1(θ) = δn+1(θ).
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From (3.10), we have
(3.11)
ν1(θ)
c(θ)ΓC
π˜n = b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i)− (ζA(r)ζA(s)− ζA(r, s)− ζA(s, r)).
Note that if (q− 1) ∤ n, then π˜n /∈ k∞. Since both
ν1(θ)
c(θ)ΓC
and the right hand side of (3.11)
are in k∞, we conclude that
b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i)− (ζA(r)ζA(s)− ζA(r, s)− ζA(s, r)) = 0.
i.e.,
ζA(r)ζA(s)− ζA(r, s)− ζA(s, r) = b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i).
If (q − 1) | n, then by [Car35] we know that
ν1(θ)
c(θ)ΓC
π˜n = bζA(n) for some b ∈ k.
We conclude that
ζA(r)ζA(s)− ζA(r, s)− ζA(s, r) = b˜ζA(n) +
n−1∑
i=1
aiζA(i, n− i),
where b˜ = b0 − b. Note that the uniqueness of b˜ is simply a consequence of Remark 2.2.
4. A necessary condition for the SR-property
Suppose the n-tuple C = (b0, a1, . . . , an−1) ∈ k
n has the SR-property. Combining the
shuffle relation with the relation (1.1) proved by Chen, we have a relation of the form
bζA(n) +
n−1∑
i=1
aiζA(i, n− i) = 0.
By [Cha16, Thm. 3.1.1], we derive the following necessary condition for shuffle relations.
Theorem 4.1. If an n-tuple C = (b0, a1, . . . , an−1) ∈ k
n has the SR-property, then we have
ai = 0 if (q − 1) ∤ (n− i).
5. An effective criterion for the Fq[t]-torsion property of MC in Ext
1
F
(1,M ′)
In this section, we will provide an effective criterion whether MC is Fq[t]-torsion in
Ext1
F
(1,M ′). We follow the same idea in [CPY19, §5, §6].
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5.1. Anderson t-modules. Let τ : C∞ → C∞ be the qth power operator defined by
x 7→ xq and let C∞[τ ] be the twisted polynomial ring in τ over C∞ subject to the relation
τα = αqτ for α ∈ C∞. We define t-modules as follows.
Definition 5.1 ([And86]). Let d ∈ N be given, a d-dimensional t-module is a pair (E, φ),
where E is the d-dimensional algebraic group Gda and φ is an Fq[t]-linear ring homomorphism
φ : Fq[t]→ Matd(C∞[τ ])
so that the image of t, denoted by φt, is of the form α0+
∑
i αiτ
i with αi ∈ Matd(C∞), and
α0 − θId is a nilpotent matrix.
Remark 5.2. E(C∞) is equipped with an Fq[t]-module structure via the map φ.
For a subring R of C∞ containing A, we say that the t-module E is defined over R if αi
lies in Matd(R) for all i ≥ 0.
We take the nth tensor power of the Carlitz Fq[t]-module as an example. Fixing a pos-
itive integer n, the nth tensor power of the Carlitz Fq[t]-module denoted by C
⊗n is an
n-dimensional t-module defined over A together with the Fq-linear ring homomorphism
[·]n : Fq[t]→ Matn(C∞[τ ])
given by
[t]n = θIn +Nn + Enτ,
where
Nn :=

0 1 . . . 0
...
. . .
. . .
...
...
. . . 1
0 . . . . . . 0
 , En :=

0 . . . . . . 0
...
...
...
...
1 . . . . . . 0
 .
5.2. Identification of Ext1
F
(1,M ′) and the Anderson t-module E ′. By an Anderson
t-motive we mean an object N in F satisfying the following properties.
(1) N is a free left k¯[σ]-module of finite rank.
(2) (t− θ)nN ⊆ σN for all sufficiently large integers n.
Remark 5.3. We can check directly that M ′ is an Anderson t-motive.
Since M ′ is an Anderson t-motive, we can construct an associated Anderson t-module
(E ′, ρ) and have the following Fq[t]-module isomorphisms established by Anderson
Ext1F (1,M
′) ∼= M ′/(σ − 1)M ′ ∼= E ′(k¯).
We state the details in the Theorem 5.4 and Theorem 5.5 which appeared in [CPY19].
Theorem 5.4 ([CPY19, Thm. 5.2.1]). Let {x0, . . . , xn−1} be a k¯[t]-basis of M
′ on which
the σ-action is presented by the matrix Φ′. Let M ∈ Ext1
F
(1,M ′) be defined by the matrix(
Φ′ 0
f0, . . . , fn−1 1
)
.
Then the map
µ : Ext1F (1,M
′)→M ′/(σ − 1)M ′
defined by
µ(M) := f0x0 + · · ·+ fn−1xn−1
is an isomorphism of Fq[t]-modules.
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We consider the nth tensor power of the Carlitz motive C⊗n ∈ F . The underlying k¯[t]-
module of C⊗n is k¯[t] subject to the σ-action
σ(f) := (t− θ)nf (−1), f ∈ C⊗n.
Note that M ′ fits into the short exact sequence of Frobenious modules
0 C⊗n M ′
⊕n−1
i=1 C
⊗(n−i) 0 ,
where the projection map is defined by
∑n−1
i=0 fixi 7→ (f1, . . . , fn−1). As a left k¯[σ]-module,
C⊗j is free of rank j with the natural basis {(t− θ)j−1, . . . , (t− θ), 1}. Hence the set{
(t− θ)n−1x0, . . . , (t− θ)x0, x0, . . . , (t− θ)xn−2, xn−2, xn−1
}
,
denoted by {ν1, . . . , νd}, is a k¯[σ]-basis of M
′.
Define the homomorphism of Fq-vector spaces ∆ : M
′ → Matd×1(k¯) by
m =
d∑
i=1
uiνi 7→ ∆(m) :=
δ(u1)...
δ(ud)
 ,
where
δ
(∑
i
σicq
i
i
)
=
∑
i
cq
i
i .
We note that the homomorphism ∆ is surjective since
∆(a1ν1 + · · ·+ adνd) =
a1...
ad

for (a1, . . . , ad)
tr ∈ Matd×1(k¯). As t(σ − 1)M
′ ⊆ (σ − 1)M ′, the map ∆ induces an Fq[t]-
module structure on Matd×1(k¯).We denote by (E
′, ρ) the t-module defined over k¯ with E ′(k¯)
identified with Matd×1(k¯) on which the Fq[t]-module structure is given by
ρ : Fq[t]→ Matd(k¯[τ ])
so that
∆ (t(a1ν1 + · · ·+ adνd)) = ρt
a1...
ad
 .
Theorem 5.5 ([CPY19, Thm. 5.2.3]). LetM ′ be the Frobenius module defined by the matrix
Φ′. Let (E ′, ρ) be the t-module whose k¯-valued points are E ′(k¯) identified with Matd×1(k¯),
which is equipped with the Fq[t]-module structure via ρ : Fq[t]→ Matd(k¯[t]) through the map
∆ as above. Then we have the following isomorphism of Fq[t]-modules
M ′/(σ − 1)M ′ ∼= E ′(k¯).
For example, we consider the nth tensor power of Carlitz motive C⊗n. As a left k¯[σ]-
module, C⊗n is free of rank n with basis {(t− θ)n−1, . . . , (t− θ), 1}. We let
∆n : C
⊗n → Matn×1(k¯)
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be defined as above with respect to this basis. For (a1, . . . , an)
tr ∈ Matn×1(k¯), we let
f = a1(t− θ)
n−1 + · · ·+ an−1(t− θ) + an,
so that ∆n(f) = (a1, . . . , an)
tr. We can check directly that the multiplication by t on
Matn×1(k¯) is given by
t ·
a1...
an
 = ∆n(tf) = [t]n
a1...
an
 .
Hence we have the identification
C⊗n/(σ − 1)C⊗n ≃ C⊗n(k¯).
5.3. A criterion for the Fq[t]-torsion property of MC in Ext
1
F (1,M
′). In this section,
we provide a criterion for the Fq[t]-torsion property of MC in Ext
1
F
(1,M ′). The strategy of
proof is to follow [CPY19, Theorem 6.1.1], and so we put most of the proofs in the Appendix
A.
Theorem 5.6. Let (E ′, ρ) be the associated t-module given above. Given C ∈ kn, and let
vC be the integral point in E
′(A) corresponding to MC via isomorphisms described in the
Theorem 5.4 and Theorem 5.5. For (q − 1) | i, we decompose
i = pℓini(q
hi − 1)
such that p ∤ ni and hi is the greatest integer for which (q
hi − 1) | i. Put
a =
∏
(tq
hi − t)p
ℓi ,
where the product is taken over integers i from 1 to n which are multiples of (q − 1). Then
MC is an Fq[t]-torsion class in Ext
1
F (1,M
′) if and only if ρa(vC) = 0.
Proof. It is clear that ρa(vC) = 0 implies that MC is an Fq[t]-torsion class in Ext
1
F
(1,M ′).
Now we suppose that MC is an Fq[t]-torsion class in Ext
1
F
(1,M ′). First, we follow the
method in [Cha16, P. 307] to derive the short exact sequence of Fq[t]-modules
0→ C⊗n/(σ − 1)C⊗n →M ′/(σ − 1)M ′ →
n−1⊕
i=1
C⊗(n−i)/(σ − 1)C⊗(n−i) → 0.
Note that M ′ fits into the short exact sequence of Frobenious modules
0 C⊗n M ′
⊕n−1
i=1 C
⊗(n−i) 0 ,
where the projection map is defined by
∑n−1
i=0 fixi 7→ (f1, . . . , fn−1). Note also that the Fq[t]-
linear map σ−1 from
⊕n−1
i=1 C
⊗(n−i) to itself is injective. By the Snake Lemma, we have our
desired short exact sequence of Fq[t]-modules.
By the Theorem 5.5 and previous isomorphisms of Fq[t]-modules, we have
0→ C⊗n(k¯)→ E ′(k¯)→
n−1⊕
i=1
C⊗i(k¯)→ 0.
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Let π denote the surjective map. By the Theorem A.1, vC is an integral point, and then so is
π(vC). In fact, we have π(vC) ∈
⊕n−1
i=1 C
⊗i(k)tor since MC is Fq[t]-torsion by our assumption.
By [AT90, Prop. 1.11.2] and [CPY19, Lem. 5.1.3], the polynomial
b :=
∏
i∈{1,...,n}
(q−1)|i
(tq
hi − t)p
ℓi ∈ Fq[t]
annihilates π(vC). Hence ρb(vC) ∈ ker π ∼= C
⊗n(k¯). By the Theorem A.1 again, E ′ is defined
over A. ρb(vC) is also an integral point. Hence ρb(vC) ∈ C
⊗n(k)tor. By [AT90, Prop. 1.11.2]
and [CPY19, Lem. 5.1.3] again, ρb(vC) is annihilated by
(tq
hn
− t)p
ℓn
∈ Fq[t]
if (q − 1) | n, otherwise ρb(vC) = 0. Therefore ρa(vC) = 0. 
6. Algorithm and computational results
6.1. Algorithm. In this section we provide an algorithm to determine, for the given n-
tuple of coefficients C = (b0, a1, . . . , an−1) ∈ k
n, whether MC is Fq[t]-torsion in Ext
1
F (1,M
′)
or not. (cf. [CPY19, §6])
INPUT: r, s ∈ N, n := r + s, p : a prime, q: a power of p, C = (b0, a1, . . . , an−1) ∈ k
n.
STEP 1. Compute the Anderson-Thakur polynomials H0, . . . , Hn−1 and the polynomial a
as in the Theorem 5.6.
STEP 2. LetM ′ be the Frobenius module defined by Φ′ as in (2.1) with k¯[t]-basis {x0, . . . , xn−1}.
Let {ν1, . . . , νd} be the k¯[σ]-basis of M
′ given by{
(t− θ)n−1x0, . . . , (t− θ)x0, x0, . . . , (t− θ)xn−2, xn−2, xn−1
}
.
Identify M ′/(σ − 1)M ′ with Matd×1(k¯) via {ν1, . . . , νd}.
STEP 3. Compute β0, αi for i = 1, . . . , n− 1 as in Definition 2.5. Consider[
β0H
(−1)
n−1 (t− θ)
n − γ0(H
(−1)
r−1 H
(−1)
s−1 (t− θ)
n)
]
x0 +
n−1∑
i=1
(
αiH
(−1)
(n−i)−1(t− θ)
n−i
)
xi
in M ′/(σ − 1)M ′ and multiply it by the polynomial a. Write it as the form
d∑
i=1
uiνi
which corresponds to the integral point ρa(vC) = (δ(u1), . . . , δ(ud))
tr ∈ E ′(A) via
the ∆ map described in the Theorem 5.5.
OUTPUT: If ρa(vC) is zero, then MC is an Fq[t]-torsion class in Ext
1
F (1,M
′); otherwise, MC
is not an Fq[t]-torsion class in Ext
1
F
(1,M ′).
6.2. Examples. We use Maple to write a program based on the algorithm. By a “doable”
n-tuple C = (b0, a1, . . . , an−1) ∈ k
n, we mean the computation for determining whether MC
is Fq[t]-torsion in Ext
1
F (1,M
′) or not can be done within about 10 minutes.
We recheck Chen’s formula (1.1) and search for C ∈ kn−Fnp with the SR-property by the
Maple program.
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(1) For p = q < 30, r, s < 200, the computation shows that MC is an Fq[t]-torsion class
in Ext1F (1,M
′) where C ∈ Fnp is a “doable” n-tuple of coefficients coming from the
Chen’s formula (1.1). This matches the result of Theorem2.6(1).
(2) Let p = q = 3 be given. For r, s < 4 such that (q − 1) ∤ n, “doable” n-tuples
C = (b0, a1, . . . , an−1) ∈ k
n − Fnp with degrees of numerators and denominators of
b0, ai less than 4, we list some data below for r, s and the n-tuples C when MC is
Fq[t]-torsion in Ext
1
F
(1,M ′):
(r, s) = (1, 2), C = (2, θ3 + 2θ, 0) ∈ A3 − F33,
(r, s) = (1, 2), C = (0, 2θ3 + θ, 0) ∈ A3 − F33,
(r, s) = (2, 3), C = (0, 2θ3 + θ, 0, 2, 0) ∈ A5 − F53,
(r, s) = (1, 2), C = (
θ3 + 2θ + 2
θ3 + 2θ
, 2, 0) ∈ k3 − A3,
(r, s) = (1, 2), C = (
2θ3 + θ + 2
2θ3 + θ
, 1, 0) ∈ k3 − A3.
By Theorem 2.6(2b), those n-tuples C have the SR-properties, i.e., we have the
following shufle relations:
ζA(1)ζA(2)− ζA(1, 2)− ζA(2, 1) = 2ζA(3) + (θ
3 + 2θ)ζA(1, 2),
ζA(1)ζA(2)− ζA(1, 2)− ζA(2, 1) = (2θ
3 + θ)ζA(1, 2),
ζA(2)ζA(3)− ζA(2, 3)− ζA(3, 2) = (2θ
3 + θ)ζA(1, 4) + 2ζA(3, 2),
ζA(1)ζA(2)− ζA(1, 2)− ζA(2, 1) =
θ3 + 2θ + 2
θ3 + 2θ
ζA(3) + 2ζA(1, 2),
ζA(1)ζA(2)− ζA(1, 2)− ζA(2, 1) =
2θ3 + θ + 2
2θ3 + θ
ζA(3) + ζA(1, 2).
Remark 6.1. Fix r, s ∈ N, p a prime and q a power of the prime p. By a naive analogue
of the sum shuffle, we mean the n-tuples C := (1, 0, . . . , 0) ∈ Fnp has the SR-property.
Conjecturally all the n-tuples C ∈ Fnp having the SR-properties come from Chen’s formula
(1.1), which implies all the naive analogues of the sum shuffle come from Chen’s formula.
From our data, the n-tuple C ∈ Fnp we found with the SR-property comes from Chen’s
formula (1.1), so our data do support the conjecture.
7. Another method
Definition 7.1. Fixing n, an n-tuple C = (b0, a1, . . . , an−1) ∈ k
n is said to have the DR-
property if it fits into the following linear relation among double zeta values and ζA(n):
(DR) 0 = b0ζA(n) +
n−1∑
i=1
aiζA(i, n− i).
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Fixing r, s ∈ N and letting n := r + s, by combining a shuffle relation and the relation
(1.1), we have that the n-tuple C = (b0, a1, . . . , an−1) ∈ k
n has the SR-property if and only
if the n-tuple C˜ = (˜b0, a˜1, . . . , a˜n−1) ∈ k
n has the DR-property where
b˜0 := b0 − 1
and
a˜i :=
ai −
[
(−1)s−1
(
n− i− 1
s− 1
)
+ (−1)r−1
(
n− i− 1
r − 1
)]
if (q − 1) | (n− i)
ai otherwise
.
Note that finding all possible n-tuples in kn with the DR-property is equivalent to finding
all n-tuples in An having the DR-property. The crucial part is to relate the DR-property to
the Fq[t]-linear relation among some elements in C
⊗n(k¯). More precisely, put
V := {(s1, s2) ∈ N
2 : s1 + s2 = n and (q − 1) | s2}.
For convenience, we label V as
V = {s1, . . . , s|V |}
where |V | is the cardinality of the finite set V . Considering points
{vn} ∪ {Ξsi}
|V |
i=1 ⊂ C
⊗n(k¯)
described in [Cha16, Thm. 2.3.1, Thm. 4.1.1]. We separate them into two cases:
Case I. (q − 1) ∤ n:
We consider the Fq[t]-linear relation:
[η]n(vn) +
|V |∑
i=1
[ηi]n(Ξsi) = 0.
By the proof of [Cha16, Thm. 6.1.1], we can effectively determine if the tuple of
polynomials (η, η1, . . . , η|V |) ∈ Fq[t]
|V |+1 satisfying the above equation. Then by
the proof of [Cha16, Thm. 5.1.1], we trace back to an n-tuple in An having the
DR-property.
Case II. (q − 1) | n:
In this case, we consider the Fq[t]-linear relation:
|V |∑
i=1
[ηi]n(Ξsi) = 0.
By the proof of [Cha16, Thm. 6.1.1] again, we can effectively determine if the tuple
of polynomials (η1, . . . , η|V |) ∈ Fq[t]
|V | satisfying the above equation. We want to
use the proof of [Cha16, Thm. 5.1.1] to trace back to an n-tuple in An with the DR-
property. Unfortunately, we can not determine the first coordinate of the n-tuple
in An with the DR-property derived by this process although we know the other
coordinates of the n-tuple in An.
In conclusion, we can achieve the same result by the arguments provided in [Cha16]. i.e.,
we also have an effective criterion to determine whether an n-tuple in kn has the SR-property
if (q − 1) ∤ n. For the case (q − 1) | n, we can not explicit determine the first coordinate of
an n-tuple in kn.
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Appendix A. The crucial Theorem in proving the Theorem 5.6
A.1. Two crucial properties. To derive the Theorem 5.6, we follow the strategy in
[CPY19, §5.3]. We need two important properties stated them below.
Via the isomorphisms
Ext1
F
(1,M ′) ∼= M ′/(σ − 1)M ′ ∼= E ′(k¯),
we denote the image of the class MC ∈ Ext
1
F
(1,M ′) in E ′(k¯) by vC.
Theorem A.1. We have that
(1) The associated t-module E ′ given above is defined over A.
(2) vC is an integral point in E
′(A).
In [CPY19, Thm. 5.3.2], they constructed a special set Ξ ∈M ′ such that the image of Ξ
via ∆ is obviously in E ′(A). Furthermore, they proved that the special point is an image of
some element in Ξ and then completed the proof. Here, we follow the same approach.
Proposition A.2. Let M ′ be the Frobenius module defined by the matrix Φ′ in (2.1) with
a k¯[t]-basis x0, . . . , xn−1. Let {ν1, . . . , νd} be the k¯[σ]-basis of M
′ given by{
(t− θ)n−1x0, . . . , (t− θ)x0, x0, . . . , (t− θ)xn−2, xn−2, xn−1
}
.
Let Ξ be the set consisting of all elements in M ′of the form
∑d
i=1 eiνi, where ej =
∑
n σ
nunj
with each unj ∈ A. Then for any nonzero f ∈ A[t] and any 1 ≤ ℓ ≤ n−1, we have fxℓ ∈ Ξ.
Proof. (cf. [CPY19, Thm. 5.3.2]) We first prove the case when ℓ = 0. We divide f by
(t− θ)n and write
f = g1(t− θ)
n + γ1,
where g1, γ1 ∈ A[t] with degt γ1 < n. So
fx0 = g1σx0 + γx0 = σg
(1)
1 x0 + γ1x0.
Note that by expanding γ1 in terms of powers of (t − θ) we see that γ1x0 is an A-linear
combination of {ν1, . . . , νn}.
Next we divide g
(1)
1 ∈ A[t] by (t− θ)
n and write
g
(1)
1 = g2(t− θ)
n + γ2,
where g2, γ2 ∈ A[t] with degt γ2 < n. So
σg
(1)
1 x0 = σ(g2(t− θ)
n + γ2)x0 = σ
2g
(1)
1 x0 + σγ2x0.
By expanding γ2 in terms of (t− θ) we see that σγ2x0 ∈ Ξ. By dividing g
(1)
2 by (t− θ)
n and
continuing the procedure as above inductively we eventually obtain that fx0 ∈ Ξ.
Now for ℓ ≥ 2 we suppose that multiplication by any element of A[t] on xi belongs to Ξ
for 1 ≤ i ≤ ℓ − 1. We prove that fxℓ ∈ Ξ by the induction on the degree of f in t, and
note that the result is valid when degt f ≤ n− 1− ℓ by expanding f in terms of powers of
(t− θ). So we suppose that degt f ≥ n− 1− ℓ+ 1.
We divide f by (t− θ)n−ℓ and write
f = g1(t− θ)
n−ℓ + γ1,
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where g1, γ1 ∈ A[t] with degt γ1 < n− ℓ. It follows that
fxℓ = g1(t− θ)
n−ℓxℓ + γ1xℓ
= g1
[
σxℓ −H
(−1)
(ℓ−1)−1(t− θ)
nx0
]
+ γ1xℓ
= σg
(1)
1
(
xℓ −H(ℓ−1)−1x0
)
+ γ1xℓ
= σg
(1)
1 xℓ − σg
(1)
1 H(ℓ−1)−1x0 + γ1xℓ.
However, by expanding γ1 in terms of powers of (t − θ) we see that γ1xℓ ∈ Ξ, and by
hypothesis σg
(1)
1 H(ℓ−1)−1x0 ∈ A[t]. Thus to prove the desired result we reduce to prove that
g
(1)
1 xℓ ∈ A[t], which is valid by the induction hypothesis since degt g
(1)
1 = deg1 g < degt f. 
Remark A.3. By the definition of ∆ map, ∆(Ξ) ⊆ E ′(A).
Now, we can prove the Theorem A.1.
proof of the Theorem A.1. (cf. [CPY19, Thm. 5.3.4])
(1) Given any point (a1, . . . , ad)
tr ∈ E ′(k¯), its corresponding element in M ′/(σ − 1)M ′ has
a representative of the from a1ν1 + · · ·+ adνd. We claim that the element
t
(
d∑
i=1
aiνi
)
can be expressed as
∑d
i=1 biνi ∈ Ξ for which each bi is of the form bi =
∑
j σ
jcj so that
cj is an A-linear combination of q
(·)th powers of the an’s. Then via the map ∆, the
claim implies that the t-module E ′ is defined over A.
We observe that if some
νi /∈ S :=
{
(t− θ)n−1x0, . . . , (t− θ)xn−2, xn−1
}
,
then
taiνi = ai(t− θ)νi + θaiνi = aiνi−1 + θaiνi.
Therefore we reduce the claim to the case νi ∈ S . To simplify the notation, we denote
νi1 := xn−1, . . . , νin := (t− θ)
n−1x0.
Now given any 1 ≤ ℓ ≤ n we consider taiℓνiℓ = aiℓt(t− θ)
ℓ−1xn−ℓ. Applying Proposition
A.2 to t(t− θ)ℓ−1xn−ℓ we see that taiℓνiℓ can be written as the form
aiℓ
d∑
j=1
∑
ej
σejbej
 νj = d∑
j=1
∑
ej
σejaq
ej
iℓ
bej
 νj
for some bej ∈ A, whence the desired result follows.
(2) Note that[
β0H
(−1)
n−1 (t− θ)
n − γ0H
(−1)
r−1 H
(−1)
s−1 (t− θ)
n
]
x0 +
n−1∑
i=1
(
αiH
(−1)
(n−i)−1(t− θ)
n−i
)
xi
= σ (β0Hn−1 − γ0Hr−1Hs−1) x0 +
n−1∑
i=1
(
σαiH(n−i)−1xi − σαiH(n−i)−1Hi−1x0
)
.
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Applying Proposition A.2 to the right hand side of the equation above we see that[
β0H
(−1)
n−1 (t− θ)
n − γ0H
(−1)
r−1 H
(−1)
s−1 (t− θ)
n
]
x0 +
n−1∑
i=1
(
αiH
(−1)
(n−i)−1(t− θ)
n−i
)
xi ∈ Ξ.
Since vC is its image via ∆, the result follows from Remark A.3.

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